I studied the non-equilibrium response of an initial Néel state under time evolution with the Kitaev honeycomb model. This time evolution can be computed using a random sampling over all relevant flux configurations. With isotropic interactions the system quickly equilibrates into a steady state valence bond solid. Anisotropy induces an exponentially long prethermal regime whose dynamics are governed by an effective toric code. Signatures of topology are absent, however, due to the high energy density nature of the initial state.
I studied the non-equilibrium response of an initial Néel state under time evolution with the Kitaev honeycomb model. This time evolution can be computed using a random sampling over all relevant flux configurations. With isotropic interactions the system quickly equilibrates into a steady state valence bond solid. Anisotropy induces an exponentially long prethermal regime whose dynamics are governed by an effective toric code. Signatures of topology are absent, however, due to the high energy density nature of the initial state.
PACS numbers: 75.10.Kt, 64.60.Ht Quantum spin liquids [1] are intriguing forms of matter characterized by massive long-range entanglement. A defining feature is that they cannot be transformed adiabatically into non-entangled product states. One might wonder whether these opposite extremes can be connected under a rapid change of external parameters.
Such a rapid change is known as a quench [2, 3] , and this set-up has lead to the prediction and observation of dynamical phase transitions. [4, 5] As for spin liquids, under certain conditions topological order may survive time evolution with a non-topological Hamiltonian [6] . In this work, I will study the reverse question: can we find signatures of topology starting from a product state?
The Kitaev honeycomb model [7] provides an ideal playground to answer this question since it is exactly solvable. A slow ramp in this model has been studied before [8, 9] , but this was completely within the space of the topological states. Here, I start from an antiferromagnetic Néel state, which can be expressed as a superposition of all possible flux configurations. I will show that the Néel state under time evolution with the Kitaev Hamiltonian will reach a steady state valence bond solid. Most surprisingly, an exponentially long prethermal regime appears when the interactions are anisotropic, as seen for example in the time evolution of the magnetization (Fig. 1 ). This prethermal regime is governed by an effective toric code, though the highly excited nature of the state makes identifying topological features difficult.
Model, initial state and method -Before presenting the results in detail, let me introduce the set-up of the quench. Consider spin-1 2 degrees of freedom σ i on a honeycomb lattice. The unit cell has two sites, which I will label as the A and B site, shown in Fig. 2 . The initial state will be a perfect Néel state polarized along the z-direction, which is an unentangled product state 0.8 i σ z i (t) after the quench for various Jxy, fixed Jz = 1, Nmc = 2000, and system size L = 8. While the magnetization vanishes quickly in the isotropic model, the response is exponentially slower when Jxy < 1. Inset: Typical timescales as a function of anisotropy. Shown here are the times it takes for the system to lose 80% and 99.9% of its staggered magnetization, as well as the time where the free energy density reaches its steady state value. . Therefore, the physical spins are given by σ α = P σ α P , which implies σ
In terms of the new Majorana operators, the Hamiltonian reads
where j sums over unit cells and u jα = ib α jA b α j+δα,B = ±1 is a static Z 2 gauge field living on the α = x, y, z bond. The product of Z 2 gauge fields along a plaquette is gauge-invariant and is the 'flux' w p = σ The spin liquid ground state of the Kitaev honeycomb model is in the zero-flux sector, meaning all gauge fields u jα are the same. In contrast, the Néel state of Eqn. (1), when expressed in terms of gauge and matter fields, is in a superposition of all possible flux configurations since ψ 0 |w p |ψ 0 = 0 where w p is the plaquette flux operator. A good basis to describe the Neel state is by pairing the remaining matter Majorana's along the z-bonds within one unit cell, v j = ic jA c jB = ±1. Any possible state in the enlarged Hilbert space can be written as a superposition of u, v-configurations, |ψ = {ujα,vj } c {ujα,vj } | {u jα , v j } , and our task is to find the weight constants c {ujα,vj } . The fact that the Neel state is physical and therefore must satisfy P j |ψ 0 = |ψ 0 , and that it is an eigenstate of σ z j for every j, leads to two constraints on the possible u, v-configurations. On a lattice consisting of L x × L y unit cells with periodic boundary conditions, we have periodic chains of xy-bonds. The product of all 2L x z-spins along such a xy-chain equals (−1) times the product of all x and y gauge fields. Therefore, this product of gauge fields must equal (−1)
Lx+1 . Consequently, the Néel state is an equal-weight superposition of all N c = 2 3LxLy−Ly possible u jα gauge field configurations that satisfy this constraint. The matter content v i is fixed by the constraint σ Having established how to represent the Néel state in the gauge-matter basis, I will briefly describe how to com- pute expectation values of time-evolved spin operators. Because the gauge fields are integrals of motion only the matter fields will be changing over time,
where {u jα } represents a gauge field configuration that respects the aforementioned constraints, |ψ {ujα} 0 is the initial matter field configuration determined by v j = u jz and H {ujα} is a free matter Majorana Hamiltonian with hoppings depending on the Z 2 gauge fields. The magnetization on an A lattice site m jA (t) = ψ(t)|σ z jA |ψ(t) can be found using the gauge-field-only representation of spin, σ z jA = −ib x j b y j . Therefore, the magnetization can be written as the return amplitude with two matter Hamiltonians,
(5) where the configurations {u jα } and {u jα } differ only by the flip of the two gauge fields u x j and u y j . The sum over exponentially many gauge field configurations can be replaced by a random Monte Carlo sampling over all configurations [10, 11] that satisfy the constraints relevant for the initial Néel state. For each such configuration I need to compute these generalized return amplitudes for the matter Hamiltonian, which can be done efficiently using the Balian-Brezin decomposition as outlined in the supplementary information. [32] [12, 13] Note that an alternative way of deriving my results is by using the 'brick wall'-representation of the Kitaev honeycomb model. [14] Prethermalization -Since we are quenching through a quantum critical point, one would expect to find signa- there is a persisting magnetization, due to the high return amplitude visible in Fig.  3 . After this the system is dominated by large magnetization oscillations that finally disappear around t3 ∼ 10
tures of a dynamical phase transition as seen in the transverse field Ising model. [4, 5] To study this, I computed the nonequilibrium free energy density f (t) = − 1 N log |G(t)| associated with the return amplitude G(t) = ψ(t)|ψ 0 . The results are shown in Fig. 3 . Despite clear systemsize independent results, there is no nonanalytic behavior observed for short times. In the isotropic case, the free energy smoothly increases to a steady state value within a timescale of order unity, after which there are system-size dependent fluctuations around this steadystate value. Due to these fluctuations, it is currently not possible to see whether there is a dynamical phase transition at the onset of the fluctuation window.
However, upon increasing the anisotropy J xy /J z , where J x = J y ≡ J xy , a plateau emerges that can last exponentially long in the inverse magnetic coupling strength 1/J z . This is reminiscent of prethermalization [15] [16] [17] [18] [19] [20] that occurs in systems close to integrability. A similarly slow response as a function of anisotropy can be observed in the staggered magnetization m(t) = j (−1) j σ z j (t) , shown in Fig. 1 and Fig. 4 . For example, a factor of 5 increase in the anisotropy leads to a factor 10 5 in slowing down before the magnetization has practically vanished. Different measures of a typical time-scale, namely the onset of the free energy plateau or when the magnetization reaches a 0.2 or 0.001 threshold, all display an approximately exponential dependence on the anisotropy t * ∼ e cJz/Jxy .
We thus find the emergence, for the anisotropic model, of a distinct prethermalized regime. This can be understood using the framework of Ref. [18] . The anisotropic Kitaev Hamiltonian can be written as H = J z N + J xy Y where N is the sum of local commuting terms with in- Fig. 5 , even in the isotropic case the relative orientation of spins along a z-bond remains nonzero in the infinite time-limit. This can be further corroborated by computing the static spin correlations in the diagonal ensemble, which indeed yields a steady state with zero magnetization but nonzero spin correlations along the z-bond. Notice that other static spin correlations vanish.
Given this spin-lock an approximate Hamiltonian can be constructed that preserves the relative orientation of the spins along a z-bond, which was actually done in the original work of Kitaev [7] . The effective Hamiltonian, after a suitable local unitary transformation, describes a toric code. [21] The prethermal regime can therefore be understood as a high-temperature phase of the toric code. Signatures of topology, such as anyonic excitations, are therefore difficult to see since they are defined only close to the ground state.
Steady state valence bond solid -In the isotropic case there is no signature of prethermalization and after a short time of order unity the system equilibrates. While there is zero net staggered magnetization in this steady state, there are remnant nearest-neighbor spin correlations along the z-bond. Furthermore, the dimer-dimer correlation function [22] function displays long-range order as shown in Fig. 5 . This suggests the steady state is a valence bond solid with the singlets oriented along the z-bonds.
Another way to quantify the steady state is through the dynamic two-time spin correlation function S zz j (t, t ) = ψ(t)|σ z jA (t )σ z jB |ψ(t) . [23] [24] [25] As shown in Fig. 6 , the initial t = 0 dynamical response is rather featureless but at later times the response gets suppressed in the frequency range between 0 and 6J, which is the flux-averaged bandwidth of the matter Majorana's. Interestingly, for times t > 0.5 a reversal of the dynamic correlations for 4J < ω < 6J appears. This is a signature of the elementary triplet excitation of the valence bond solid.
We thus find a dynamic crossover from a Néel state to a valence bond solid. This transition in equilibrium is known as a deconfined quantum phase transition and falls outside the usual Landau classification of continuous phase transitions. [26] The absence of any finite time singularity is due to the fact that the location of the valence bonds are determined by the orientation of the initial Néel state. There is no dynamical spontaneous symmetry breaking: a Néel state polarized along the x-axis would give rise to a valence bond solid with singlets along the x-bonds, and so forth. It is an interesting open question to study what happens when an initial Néel state is not aligned along one of the principal spin axes.
Outlook -I showed that starting from a Néel state, time evolution with the Kitaev honeycomb model leads to a steady state valence bond solid. When the interactions are anisotropic, an exponentially long prethermal regime appears whose dynamics can be effectively described by a toric code. Even though the intermediate dynamics are governed by a toric code Hamiltonian, there are no signatures of topology or anyonic excitations because the state is highly excited. Further study is warranted on the high-temperature regime of the toric code to understand the precise nature of this regime.
To what extent these results remain valid beyond the exactly solvable model, for example by introducing a small Heisenberg term, is an open question. Based on the proof of Ref. [18] I expect that the prethermal regime will persist even in the presence of such perturbations, but quantifying this requires new computational techniques beyond the ones used in this work.
A interesting aspect that was not included in this study is the dynamics of entanglement. In the Kitaev honeycomb model, the ground state has nontrivial entanglement entropy [27, 28] and it is interesting to see whether and how such a nontrivial entanglement can arise dynamically.
Finally, in recent years some material systems have been proposed to be experimental realizations of the Kitaev honeycomb model [29] . Though straining these materials is unlikely to give rise to the desired anisotropy to observe a prethermal regime, it might be possible to chemically engineer these system to get the anisotropic interactions desired. It will also be interesting to see the dynamic response after a quench with an initial state resembling the spiral magnetic order found in these materials. [30, 31] 
where
The simplest quantity to compute is the overlap of the initial state with the time-evolved state, known as the return amplitude G(t) = ψ(t)|e −iHt |ψ 0 . Because different flux sectors are orthogonal to one another, the total return amplitude is a sum of matter Majorana return amplitudes in each gauge sector,
Note that due to the particle-hole transformation, the state |ψ {ujα} 0 is equal to the a-vacuum, so a j |ψ {ujα} 0 = 0 for every a j . To simplify notation, from now on I will write |0 for the initial state.
The return amplitude for a single free Majorana Hamiltonian follows directly from the Balian-Brezin decomposition Eqn. (11), 0|e −iH {u jα } t |0 = det Re −iΛt/2 + Qe iΛt/2 .
Since the number of gauge field configurations scales exponentially with system size, it is impossible to compute the above sum of Eqn. (12) exactly. Instead, I averaged over N mc random gauge field configurations that satisfy the constraints set by the initial state. It turns out that N mc = 1000 yields sufficient accuracy for the system sizes considered. The staggered magnetization, defined as m(t) = 
where H 1 and H 2 only differ through a flip of the u jx and u jy gauge fields neighboring the spin that we want to measure. I proceed by making the Balian-Brezin decomposition for both H 1 and H 2 , R(t) = det R 2 e iΛ2t/2 + Q 2 e −iΛ2t/2 det R 1 e −iΛ1t/2 + Q 1 e
In our case, the eigenstates of our system have the form |{u} ⊗ |{f } where |{f } are Fock states composed of the single-particle wavefunctions diagonalizing the matter BdG Hamiltonian. Since the flux sectors are orthogonal we can construct a diagonal ensemble within each flux sector. The trace carries over to the extended Hilbert space provided we use the physical subspace projector and our initial state is completely embedded in the physical subspace. Any operator that changes the flux sector, such as an isolated σ
